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ROOT NUMBERS OF ELLIPTIC CURVES IN RESIDUE
CHARACTERISTIC 2
TIM† AND VLADIMIR DOKCHITSER
Abstract. To determine the global root number of an elliptic curve
defined over a number field, one needs to understand all the local root
numbers. These have been classified except at places above 2, and in
this paper we attempt to complete the classification. At places above 2,
we express the local root numbers in terms of norm residue symbols
(resp. root numbers of explicit 1-dimensional characters) in case when
wild inertia acts through a cyclic (resp. quaternionic) quotient.
1. Introduction
Let E be an elliptic curve over a number field F . The Hasse-Weil L-
function L(E/F, s) conjecturally satisfies a functional equation under s ↔
2− s with the sign given by the global root number w(E/F ) = ±1. Conse-
quently, w(E/F ) determines the parity of ords=1 L(E/F, s) and, assuming
the Birch–Swinnerton-Dyer conjecture, the parity of the Mordell-Weil rank
of E over F . This, together with the fact that w(E/F ) is defined indepen-
dently of any conjectures, makes it an important invariant.
The global root number is a product of local root numbers,
w(E/F ) =
∏
v
w(E/Fv)
with w(E/Fv) determined by the action of the local Galois group on the l-
adic Tate module Tl(E) for any l ∤ v. To use this formula, one needs all the
local root numbers. Their classification has been completed by Rohrlich [9]
apart from places v|6 where E has additive potentially good reduction, and
by Kobayashi [5] in residue characteristic 3. For Fv = Q2,Q3 all possibilities
have been tabulated by Halberstadt [4].
In this paper we consider the remaining case v|2 where E has potentially
good reduction. It is not hard to extend the methods of [9, 5] when wild
inertia acts through a cyclic quotient on Tl(E) (this is always true in odd
residue characteristic). One then gets a formula for the local root number
w(E/Fv) in terms of norm residue symbols (Proposition 4).
The remaining “hard” case is when wild inertia acts through the quater-
nion group Q8. In this case we express w(E/Fv) in terms of local root
numbers of explicit primitive 1-dimensional characters of cyclic extensions
of degree 2,4 and 8 (Theorem 7). Although not as satisfactory as in the
other cases, this does allow one to determine w(E/Fv) and hence the global
root number w(E/F ) for any given elliptic curve over a number field. (It
has now been implemented by the first author (T.) in Magma.)
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2. Notation
Throughout the paperK is a finite extension of Q2, and E/K is an elliptic
curve with additive, potentially good reduction. For any l 6= 2 inertia acts
on the Tate module Tl(E) through a finite quotient. By [11] Cor. 2b, E
has good reduction over K(E[l]), equivalently the action of inertia factors
through Gal(K(E[l])/K).
We will take l = 3. Let L = K(E[3]) be the field obtained by adjoining
the coordinates of the 3-torsion points of E, set G = Gal(L/K) and write
I ⊳ G for its inertia subgroup. The action of G on E[3] gives an inclusion
G ⊂ GL(2,F3), under which I ⊂ SL(2,F3) from the properties of the Weil
pairing.
Denote the isomorphism classes of subgroups of SL(2,F3) by C1, C2,
C3, C4, C6 (cyclic), Q8 (quaternion) and SL24, and the remaining ones
in GL(2,F3) by C2 × C2, C8,D6,D8 (dihedral), B12(∼= D12) (Borel), H16
(2-Sylow) and GL48.
We fix an embedding Q¯3 → C. Write ζ8 = exp(2πi/8) ∈ C,
√
2 for the
positive square root of 2, and
√−2 = i√2 = ζ8 + ζ38 .
Here is a summary of our main notation:
K finite extension of Q2
E/K elliptic curve with additive potentially good reduction
V = T3(E/K)⊗Z3 C
L = K(E[3])
G = Gal(L/K) ⊂ GL(2,F3)
I the inertia subgroup of G
n(E) valuation of the conductor of E/K
∆, c4, c6 standard invariants of some fixed Weierstrass model of E/K
ψ = exp(2πi trK/Q2(·)), an additive character K → C∗
n(ψ) = v(D(K/Q2)), the largest j for which trK/Q2(π
−j
K OK) ⊂ Z2
ǫ(·) local ǫ-factor with respect to ψ and a fixed Haar measure dµ
w(·) = ǫ(·)/|ǫ(·)|, the local root number (independent of dµ)
fK/Q2 residue degree
µ3 ⊂ K¯ the set of 3rd roots of unity
FrobK arithmetic Frobenius of K
1 trivial representation
(x,K ′/K) = ±1, the norm residue symbol; for K ′/K abelian and
x ∈ K∗ with x2 ∈ NK ′/KK ′ this is 1 iff x ∈ NK ′/KK ′
Finally, let η : Gal(K¯/K) → C∗ be the character that maps the inertia
subgroup to 1 (so η is unramified) and the arithmetic Frobenius FrobK to
(
√−2)fK/Q2 . The reason for this definition is the following lemma:
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Lemma 1. Suppose G is non-abelian. Then the action of Gal(K¯/K) on
Vη = V ⊗ η−1 factors through G, and G acts faithfully on Vη. Moreover,
w(E/K) = (−i)fK/Q2 (n(E)+2n(ψ))w(Vη) .
Proof. To begin with, V is an irreducible Gal(K¯/K)-module (G is non-
abelian), and the action factors through Gal(Lun/K). As FrobL is central
in this group, it acts on V as a scalar matrix λ Id. From the properties of
the Weil pairing, det(FrobL) = 2
fL/Q2 , so λ = ±2fL/Q2/2. Since FrobL acts
trivially on E[3], λ ≡ 1 mod 3 so λ = (−2)fL/Q2/2. As η is unramified,
η(FrobL) = η(FrobK)
fL/K = (
√−2)fL/Q2 = λ,
so Gal(Lun/L) acts trivially on V ⊗ η−1, and the representation factors
through Gal(L/K) = G. As G acts faithfully on E[3], it follows that I acts
faithfully on V , and hence on Vη. So the kernel of the action of G on Vη is
a normal subgroup of G which meets I trivially. From the fact that G/I is
cyclic and the classification of non-abelian subgroups of GL(2,F3), one sees
that this kernel is 1.
Finally, by the formula for the ǫ-factor of a twist by an unramified repre-
sentation ([12] (3.4.6)),
ǫ(E/K) = ǫ(Vη ⊗ η) = ǫ(Vη)dim η · det(Frob−1K |η)n(E)+2n(ψ)
Now dim η = 1 and η(Frob−1K ) = (
−i√
2
)fK/Q2 . 
3. The structure of Gal(K(E[3])/K)
We start by classifying the possibilities for G = Gal(K(E[3])/K) in terms
of standard invariants of E/K.
Proposition 2. Depending on whether µ3 ⊂ K, whether ∆1/3 ∈ K, and on
the degrees of the irreducible factors of γ(x) = x8−6c4x4−8c6x2−3c24 =
∏
i γi
over K, the group G = Gal(L/K) is given by
µ3 ⊂ K µ3 6⊂ K
∆ ∈ K∗3 ∆ /∈ K∗3 ∆ ∈ K∗3 ∆ /∈ K∗3
(deg γi)i G (deg γi)i G (deg γi)i G (deg γi)i G
(2, 2, 2, 2) C2 (1, 1, 3, 3) C3 (2, 2, 4) C2 × C2 (1, 1, 6) D6
(4, 4) C4 (2, 6) C6 (4, 4) D8 (2, 3, 3) D6
(8) Q8 (8) SL24 (8) C8 or H16 (2, 6) B12
(8) GL48
Proof. From the non-degeneracy of the Weil pairing on E[3] it follows that
G ⊂ SL(2,F3) iff µ3 ⊂ K. Also ∆1/3 ∈ L, and ∆1/3 ∈ K iff 3 ∤ |G| (look at
the resolvent cubic of the 3-torsion polynomial, or see [7]).
A nonzero 3-torsion point P = (x3, y3) ∈ E(K¯)[3] is an inflection point
on E and the slope κ of the tangent line to P lies in K(x3, y3). Conversely,
it is easy to see that x3, y3 ∈ K(κ), and that 2κ is a root of γ(x) (see e.g.
[2], proof of Thm. 1 with a = −c4/48 and b = −c6/864). It follows that L
4 TIM† AND VLADIMIR DOKCHITSER
is the splitting field of γ(x) over K and the action of G on its roots is the
same as that on E[3] \ {O}.
Now the statement follows by inspection of the possible subgroups of
GL(2,F3) and lengths of their orbits under their natural action on F
2
3. 
There is one case (G = C8 or G = H16), when the proposition does not
determine G uniquely. To deal with it, we have
Lemma 3. Assume that x3 − 123∆ has exactly one root δ in K and that
γ(x) is irreducible. Then the following conditions are equivalent
(1) G = C8,
(2) γ(x) is reducible over K(µ3),
(3) The numbers −3(c4 − δ) and −3(c24 + c4δ + δ2) are squares in K (if
c6 6= 0, the two conditions are equivalent).
Proof. We have µ3 6⊂ K and ∆1/3 ∈ K, so G ∈ {C8,H16} by Proposition 2.
The group Gal(L/K(µ3)) is C4 for G = C8 and Q8 for G = H16, so the
equivalence (1)⇔ (2) follows from Proposition 2 over K(µ3).
The equivalence (1) ⇔ (3) follows from the classification of Kraus ([7],
Thm. 3). 
4. Abelian inertia
The case of abelian inertia is essentially due to Rohrlich, and the argu-
ments below are also used by Kobayashi in residue characteristic 3. (Note
the misprints 2ξ instead of ξ in Prop. 5.2, and a/2 + v(2) instead of a/2 in
Prop. 6.1 of [5].)
Proposition 4. Assume that G is either abelian, dihedral, or L/K is not
totally ramified and G = Q8. Then
(a) The inertia subgroup I is cyclic.
(b) If G is abelian, then w(E/K) = (−1, L/K).
(c) If G is non-abelian, write the unique quadratic unramified extension
of K as K(ξ) with ξ2 ∈ O∗K . Then w(E/K) = (−1)n(E)/2(ξ, L/K(ξ)).
Proof. (a) This follows from the fact that I ⊂ SL24 and the classification of
subgroups of SL24.
(b) Since G is abelian, the action of Gal(K¯/K) on V factors through an
abelian quotient. As V is semisimple, it must decompose as χ⊕ χ−1|| · ||K ,
with || · ||K the cyclotomic character. In this case, determinant formula ([8],
p.145) implies w(E/K) = χ(−1) = (−1, L/K).
(c) Here G is either dihedral (D6, D8 or B12) or Q8 and I must be cyclic
of index 2 in G, since these groups have no cyclic quotients of higher order
and I ⊂ SL(2,F3) so I 6= G.
By Lemma 1, Vη = V ⊗ η−1 is the 2-dimensional faithful irreducible
representation of G. Denote by ν the quadratic unramified character of G,
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and by φ a primitive character of I. Then Vη = Indφ and, by inductivity in
degree 0,
w(φ) =
w(φ)
w(1K(ξ))
=
w(Vη)
w(1K)w(ν)
=
w(Vη)
ν(Frob−1K )
n(ψ)
= (−1)n(ψ)w(Vη) .
So, by Lemma 1,
w(E/K) = (−i)fK/Q2 (n(E)+2n(ψ))(−1)n(ψ)w(φ)
= (−1)(fK/Q2+1)n(ψ)(−1)fK/Q2n(E)/2w(φ).
Suppose G is dihedral. Since G 6⊂ SL(2,F3), the residue degree fK/Q2 is
odd. By a theorem of Fro¨hlich-Queyrut ([3], Lemma 1 and Thm. 3),
w(φ) = φ(θK(ξ)(ξ)) = (ξ, L/K(ξ)) ,
where θK(ξ) is the local reciprocity map on K(ξ)
∗. Combining these formu-
lae, w(E/K) = (−1)n(E)/2(ξ, L/K(ξ)).
Finally, if G = Q8, then µ3 ⊂ K, and w(Vη) = w(V ). Moreover, the
theorem of Fro¨hlich-Queyrut does not apply directly, since (φ ◦ θK(ξ))|K∗ =
ν ◦ θK , which is non-trivial. In this case, we twist φ by an unramified
quadratic character of K(ξ)∗, and a computation as in [10] proof of Prop. 2
(esp. p.130) yields the result in this case. 
Remark 5. In some cases, this result can be further simplified. For G = C3,
w(E/K) = 1, for G = D6, w(E/K) = −1, and for G = B12, w(E/K) =
(−1,K(κ)/K) with κ a root of a the quadratic factor of γ(x) as in Propo-
sition 2 (see [1], proof of Lemma 10).
5. Non-abelian inertia
From now on, suppose that we are in one of the cases not covered by
Proposition 4, so G = H16,SL24,GL48 or G = I = Q8. Since I ⊂ SL(2,F3)
and G/I is cyclic, it follows that Q8 ⊂ I, in particular I is non-abelian.
Lemma 6. Assuming Q8 ⊂ I, the extension L/K is built up from the
following subfields (we choose the roots once and for all):
L=K4(µ3)
|
K4=K3(y3), y3 =
√
x33/3− c4x− 2c6/3, x3 =
√
A+
√
C
2 |
K3=K2(
√
C), C = 2c4 + 12∆
1/3 + 2
√
B
2 |
K2=K1(
√
A,
√
B), A = c4−12∆1/3, B = c24+12c4∆1/3+(12∆1/3)2
2 | AB = c26
K1=K(∆
1/3)
|
K
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The extensions K4/K3, K3/K2 and K2/K1 are ramified quadratic, K1/K
is either trivial (3 ∤ #G), unramified (3|v(∆)) or tamely ramified (3 ∤ v(∆)),
and L/K4 is either trivial (µ3 ⊂ K) or unramified quadratic (µ3 6⊂ K).
Proof. Essentially everything here is due to Kraus [7], Thm. 3. He defines
A,B and C, and exhibits their relation to the coordinates of the 3-torsion
points ([7], pp. 371, 373). Since L/K4 and K1/K cannot contribute to
the 2-part of I, it follows that K4/K3, K3/K2 and K2/K1 are ramified, in
consistence with [7], Thm. 3. 
Theorem 7. Assume that Q8 ⊂ I, and keep the notation of Lemma 6. Set
M = K1(
√−3A,√−3B). Then
w(E/K) = (−i)fK/Q2 (n(E)+2n(ψ)) · wL/M ·
{
w−1K(x3,y3)/K(x3), I = SL24
wM/K1 , G 6= GL48
Here wK(x3,y3)/K(x3) and wM/K1 denote the root numbers of the non-trivial
character of the corresponding ramified quadratic extensions, and wL/M is
the root number of a character χ of the cyclic extension L/M with the prop-
erty that Ind
Gal(L/K)
Gal(L/M) χ contains a copy of Vη. If µ3 ⊂ K, then any primitive
χ has this property.
Proof. By Lemma 1, w(E/K) = (−i)fK/Q2 (n(E)+2n(ψ))w(Vη), so it remains
to show that w(Vη) is given by one of the two products of root numbers in
the statement of the theorem. Note here that when I = G = SL24, both
formulae are valid.
The first formula is covered by Lemma 8 and Lemma 9.
Now we prove the second formula for G 6= GL48. If I = Q8 and G ∈
{Q8,H16}, this is Lemma 10. In the remaining cases G = SL24, so µ3 ⊂
K and K1 = K(∆
1/3) is abelian over K of degree 3. We know that the
formula holds for E/K1 by the I = G = Q8 case. On the other hand,
2|fK/Q, n(E/K) ≡ n(E/K1) mod 2, and w(E/K) = w(E/K1) by a result
of Kramer–Tunnell [6], proof of Prop. 3.4. 
Lemma 8. If I = SL24 and µ3 6⊂ K (equivalently G = GL48), then
w(Vη) = wL/M/wK(x3,y3)/K(x3).
Proof. From the character table of G = GL(2,F3) (Table 1), Vη is either
ρ′4 or ρ
′′
4 , these two being the only two irreducible faithful representations
of G of dimension 2. To write Vη as a combination of inductions of 1-
dimensional characters, it is necessary to use a subgroup C8 ⊂ G, because
induced characters from all other subgroups do not distinguish between ρ′4
and ρ′′4 . Consider the 2-Sylow subgroup of G
H16 = Gal(L/K1) ⊂ Gal(L/K) = G.
It has 3 index 2 subgroups (C8,D8 and Q8), that correspond to 3 quadratic
extensions of K1, namely K1(µ3),K2 and M . Clearly Q8 ⊂ SL24 ⊂ G cor-
responds to K1(µ3), and Kraus’ formulae ([7] p. 373) show that Gal(L/K2)
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does not act transitively on the roots of the 3-torsion polynomial, hence it
is dihedral by Proposition 2. Thus Gal(L/M) ∼= C8.
order 1 2 2 3 4 6 8 8
#elts 1 1 12 8 6 8 6 6
ρ1 1 1 1 1 1 1 1 1
ρ2 1 1 −1 1 1 1 −1 −1
ρ3 2 2 0 −1 2 −1 0 0
ρ′4 2 −2 0 −1 0 1
√−2 −√−2
ρ′′4 2 −2 0 −1 0 1 −
√−2 √−2
ρ5 3 3 1 0 −1 0 −1 −1
ρ6 3 3 −1 0 −1 0 1 1
ρ7 4 −4 0 1 0 −1 0 0
Table 1. Character table of GL(2,F3)
If χ is a primitive character of C8, then Ind
G
C8 χ
∼= ρ4 ⊕ ρ7 with ρ4 ∈
{ρ′4, ρ′′4}. Replacing χ by χ−1 if necessary (this changes the induction),
assume that Vη is contained in Ind
G
C8 χ.
If B12 ⊂ G is the upper-triangular matrices, let detB12 be the determinant
character, and σB12 the “top left corner” character, both of order 2. Let τSL24
be a non-trivial 1-dimensional character of SL24 ⊂ G. A computation with
inductions shows that
IndGC8(χ⊖ 1C8)⊕ IndGB12(detB12 ⊖σB12)⊕ IndGSL24(τSL24 ⊖ 1SL24) ∼=
∼= (Vη ⊕ ρ7 ⊖ ρ1 ⊖ ρ3 ⊖ ρ6)⊕ (ρ2 ⊕ ρ6 ⊖ ρ7)⊕ (ρ3 ⊖ ρ1 ⊖ ρ2) = Vη ⊖ 2ρ1 ,
hence
w(Vη) =
w(χ)
1
· w(detB12)
w(σB12)
· w(τSL24)
1
.
By definition, wL/M = w(χ). Since SL24 = Gal(L,K(µ3)) andK(µ3,∆
1/3)/K
is dihedral, w(τSL24) = 1 by Fro¨hlich-Queyrut’s Theorem ([3], Thm. 3 and
proof of Lemma 1).
Now, B12 = Gal(L,K(x3)) is the subgroup leaving one 3-torsion subgroup
invariant, so w(σB12) = wK(x3,y3)/K(x3). Finally,
w(detB12) = (−1)n(ψK(x3)) = (−1)v(D(K(x3),Q2))
= (−1)v(D(K(x3),K))+[K(x3):K]v(D(K,Q2)) = (−1)v(D(K(x3),K)) = 1.
The last equality uses that the parity of v(D(K(x3),K)) is the same as that
of the K-valuation of the discriminant of the 3-torsion polynomial P (t),
which defines K(x3)/K; but ∆(P (t)) = −21233∆(E)2 has even valuation
over any 2-adic field. 
Lemma 9. If I = SL24 and µ3 ⊂ K (so G = SL24), then
w(Vη) = wL/M/wK(x3,y3)/K(x3).
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Proof. From the character table of G = SL(2,F3) (Table 2), we have Vη ∼= ρ4,
since in the other two-dimensional irreducible representations ρ5 and ρ6 of
G elements of order 3 do not have determinant 1 (look at the traces).
order 1 2 3 3 4 6 6
#elts 1 1 4 4 6 4 4
ρ1 1 1 1 1 1 1 1
ρ2 1 1 ω
2 ω 1 ω ω2
ρ3 1 1 ω ω
2 1 ω2 ω
ρ4 2 −2 −1 −1 0 1 1
ρ5 2 −2 −ω2 −ω 0 ω ω2
ρ6 2 −2 −ω −ω2 0 ω2 ω
ρ7 3 3 0 0 −1 0 0
Table 2. Character table of SL(2,F3)
Take C4 ⊂ Q8 ⊳ G, and let χ be one of the two of its order 4 characters.
Consider also a Borel subgroup C6 of G and its character σ of order 2. Then
one computes
IndGC4(χ⊖ 1C4)⊕ IndGC6(1C6 ⊖ σ)∼= (ρ4 ⊕ ρ5 ⊕ ρ6)⊖ (ρ1 ⊕ ρ2 ⊕ ρ3 ⊕ ρ7)⊕ (ρ1 ⊕ ρ7)⊖ (ρ5 ⊕ ρ6)∼= Vη ⊖ (ρ2 ⊕ ρ3) .
Thus,
w(Vη) = w(χ)w(σ)
−1w(ρ2 ⊕ ρ−12 ) .
By the determinant formula, w(ρ2⊕ρ−12 ) = ρ2(−1) = 1, as ρ2(−1) is a cube
root of unity that squares to 1. Finally, note that
w(χ) = wL/M and w(σ) = wK(x3,y3)/K(x3) .

Lemma 10. If I = Q8 and G ∈ {Q8,H16}, then
w(Vη) = wL/M wM/K1 .
Proof. If G = H16 and χ is a primitive character of Gal(L/M) = C8, then
IndGC8 χ is isomorphic either to ρ
′
4|H16 or to ρ′′4 |H16 from Table 1. As in the
G = GL48 case, these are the only two faithful 2-dimensional irreducible
representations of H16, and we can choose χ with Ind
G
C8 χ = Vη. Now,
w(Vη)
w(IndGC8 1C8)
=
w(χ)
w(1C8)
,
implying the asserted formula. The case G = Q8 is analogous. 
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6. Determining which character to take
Assume thatG = H16 orG = GL48, so [G : I] = 2. Then Gal(L/M) ∼= C8,
which has 4 characters of order 8, say χ1, χ
3
1, χ
−3
1 , χ
−1
1 . We have (cf. Table 1)
IndGC8 χ1 = Ind
G
C8 χ
3
1 = ρ
′
4 ⊕ σ, IndGC8 χ−31 = IndGC8 χ−11 = ρ′′4 ⊕ σ,
with σ = 0 for G = H16 and σ = ρ7 for G = GL48. So two of the characters
have the property that their induction contains Vη. It may in fact happen
that w(χ−1) = −w(χ), so it is important that we choose the right character
when computing the root number. Pick one of the 4 characters χ, and
compose it with local reciprocity,
χM = χ ◦ θM :M∗ −→ C∗ .
Then we have the following criterion:
Proposition 11. Let M ′/M be a quartic totally ramified extension with
M ′ ⊂ Lun, let πM ′ be its uniformiser, let πM = NM ′/MπM ′ and define
δ = ±1 by
χM(π
−1
M ) + χM (π
−1
M )
3 = δ
√−2.
E has good reduction over M ′, and let E˜/Fq denote the reduced curve. The
following conditions are equivalent:
(1) IndGC8 χ contains Vη.
(2) The arithmetic Frobenius θM(π
−1
M ) ∈ Gal(Lun/M ′) acts with trace δ
(mod 3) on E[3].
(3) |E˜(Fq)| = q + 1− δ(−2)(1+fK/Q2 )/2.
Proof. Suppose IndGC8 χ contains Vη, so ResM/K Vη = χ ⊕ χ3. Then with
χ′ = ResM ′/M χ and χM ′ for the corresponding character on M
′∗,
δ
√−2 = χM (π−1M ) + χM(π−1M )3
= χM ′(π
−1
M ′) + χM ′(π
−1
M ′)
3
= χ′(FrobM ′) + (χ′(FrobM ′))3
= tr
(
FrobM ′
∣∣ResM ′/K(Vη))
= (ResM ′/K η
−1)(FrobM ′) · tr
(
FrobM ′
∣∣ResM ′/K V )
= a(
√−2)−fM′/Q2
= a(
√−2)−fK/Q2 .
In other words, if IndGC8 χ contains Vη, then a = δ(−2)(1+fK/Q2 )/2. Otherwise
this formula holds for χ−1 (for which δ changes sign), so (1)⇔ (2)⇔ (3). 
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